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A few terms should be properly defined. The numerical range of a linear bounded operator P in a Hilbert space is defined as the set of all complex numbers of the form (Tx, x) where x is a unit vector in the space. Clearly the numerical range of T contains the point spectrum of T. Stone [2 ] proved that the numerical range of a bounded linear operator T is convex, and that if T is normal then the closure of its numerical range is exactly the convex closure K(T) of the spectrum of P. A point X of K(T) is defined as an extreme point of K(T) if no line segment joining any two points of K(T) other than X contains X. Denote by A the set of extreme points of K(T). It is easy to see that A is contained in the spectrum of P, and that the convex closure of A is exactly K(T). Hence the sufficiency of the condition follows readily from these facts.
The necessity of the condition can be proved by contradiction.
Suppose that there exists a point ao in A such that a0 lies in the continuous spectrum of P. Now the numerical range of T is closed, and hence ao lies in it. So we can find a unit vector x in the space such that ao = (Tx, x). Since T is bounded and normal, it has a resolution of the identity {E\}, and P can be represented as an integral with respect to {P\}, [l], i.e., T = f \dEx J a where G is any large circle containing the spectrum of T in its interior. Therefore we have: a0 = (Tx, x) = f \d\\Fix\\2. where Xi," lies in G", and X2,n lies in R". Since Rn is so chosen that it is at a positive distance away from a0, therefore X2,n is not equal to a0 which implies that 0<Ci,"<l, 0<c2,n<l, and Xi.n^ao-Hence both Fi,"x and F2,nx are not zero vectors. Consider the unit vector y2,n = 7"2,nX/||F2,nx||; then we have (Ty2,n, y2.") = f X</||£xyS,n||2
Ci n J Rn Hence X2," lies in the numerical range of P. Similarly, Xi,n lies in the numerical range of P. Now by hypothesis the numerical range is closed, and P is normal, and consequently the numerical range is exactly K(T). However, we have ao = Ci,nXilB + Cj,"X2l" with ci,"+c2,n=l, 0<Ci,", c2,n<l, and Xi,n?£<Xo5,£X2,". Furthermore a0 is an extreme point of K(T). So this is a contradiction.
Therefore we conclude that F2,nx is a zero vector for all n -l, 2, as n->oo. Therefore Fx = aoX which implies that ao lies in the point spectrum of T. However the point spectrum and the continuous spec-trum of T are mutually exclusive, and consequently we have a contradiction. Hence the theorem is proved. The following corollary is an immediate consequence of the theorem:
The numerical range of a unitary operator in a Hilbert space is closed if and only if the spectrum of the unitary operator consists entirely of the point spectrum.
